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A new application of the theory of Markov processes to the characterization of fractal scaling 
behavior is presented. We show under which condition distinct stochastic processes of a cascade lead 
to multifractal scaling behavior. We apply our method to the analysis of the statistical properties of 
the energy in turbulent fluid flow. 

1. Introduction 

There is an actual interest to character ize dis-
ordered structures S exhibit ing scal ing behavior in 
terms of fractali ty or affinity, cf. [1]. The quantif i-
cation of fractality is based on the introduction of 
a measurable quantity Q(l) depending on a selected 
length scale. The q-th power of Q(l), averaged over S, 
is investigated and it is examined whether there exists 
mult iscal ing behavior in the l imiting case / —• 0: 

<(Q(0)9)~/C*. (1) 

Under this scaling assumption, scaling exponents Q 
are deduced which serve as a characterizat ion of the 
statistical properties of the disordered structure of 5 . 
If ( q is a nonlinear funct ion of q we say that 5 is a 
mult ifractal or has mult iaff ine scaling propert ies [1]. 

For synthetically constructed complex structures 
like the Cantor-set or the Sierpinski-gasket (just to 
ment ion two wel l -known examples) , the exponents 
Q can be calculated explicitly. P rob lems c o m m o n l y 
arise in the investigation of natural s tructures with the 
quality of this characterization method . 

Another c o m m o n method to character ize the sta-
tistical content of the disordered structure 5 is the 
evaluation of correlations. Let s(x) denote a func-
tional value of 5 at the location x ( for exam-
ple, x can be thought of as space variable but 
may also be considered as a t ime variable). Then 
( • s ^ C r i ) ^ 2 ^ ) - • -sqn(xn)) is the general fo rm of an 
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« -po in t correlation. The knowledge of all n -po in t cor-
relat ions can be regarded as a comple te statistical 
characterizat ion of 5 . 

The mult iscal ing analysis and the correlation 
analysis is l inked. Let us consider the definit ion 
Q(l) := <s(rr + I) — s(x). Here Q{1) is denoted as 
an increment . In this case the two-point-correlat ions 
( ^ ' ( z O ^ f o ) ) = (sq'{x\)sq2(x\ + / ) ) , where I = 
X2 — x\ are directly linked to ( ( Q ( l ) ) q ) . In this case 
it is c o m m o n to call ( ( Q ( l ) ) q ) the q-th order structure 
funct ion . 

2. Evolut ion Equat ion for the Probabil ity Distri-
bution 

In this paper we want to present a new method 
to analyze disordered structures in a more general 
way. We will show that the two stochastic aspects just 
ment ioned are incorporated in our approach. Starting 
f r o m (1), we know that 

m m = j m ) ) q p m \ o a qh)- (2) 

Thus instead of evaluation the scaling behavior of (1) 
it is more general to evaluate the / -dependence of the 
probabil i ty density distribution P(Q(l), /). 

The essential point of our work is that we present 
a procedure which al lows us to derive an evolution 
equat ion for the probabili ty distribution P(Q(l), I) 
with respect to the size parameter / directly f r o m 
exper imenta l data. The first step consists in inves-
t igating how the quanti ty Q(l) at one fixed point x 
changes with l. (Also other construct ions of Q(l) 
may be used, like the midpoint construction: Q(l) := 
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s(x+l/2) — s(x — 1/2).) Form the data we can evaluate 
the n -d imens iona l probabili ty density distributions 

pmOJüQ«2),l2;...;Q(ln),ln) 

or respective condit ional probability distributions 

p(Q(ln), Qdr), lr\Q(lr-l), lr- 15 • • • i Q(U ), U ), 

where we use the convention ZJ+1 < Next we ask 
whe ther these ?i-dimensional distributions can be ex-
pressed by two-dimensional probability distributions. 
This is nothing else but investigating whether the 
statistics of Qil) corresponds to a Markov process. 
To give evidence that a Markov-process is related to 
our p rob lem one should show that 

P(Q(U, In',...; Q(lr), lr\Q(lr-l), lr- 1 I • • • i Q(l l), h) 

= p(Q(D, /„;...; Q(lr), lr\Q(lr-i), lr-1). 

This is evidently an impossible task. However, as 
is wel l -known, a necessary condition for a process 
to be Markovian is the validity of the Chapman-
Kolmogorov equation [2] 

p(Q(h\h\Q(h)Ji)= (3) 

Jp(Q(h), h\Q(hl hMQih), h\Q(h), h)dQih). 

The validity of this equat ions yields strong hints that 
the s tochast ic process is Markovian. 

Fo rm the Chapman-Kolmogorov equation an evo-
lution equat ion for the condit ional probabil i t ies can 
be deduced , which is known as the Kramers-Moyal 
expans ion 

—P(Q(l),l) 
al 

(4) 

= £ 
k= 1 dQ(l) 

D{k)(Q(l), I) P(Q(l)Jy 

Here, the Kramers-Moyal coefficients D(k\Q(l), I) 
are def ined by the fol lowing conditional moments : 

M ( k ) m \ / , AI) = -L I dQ{1 - Al) (5) 

• (Q{1 - Al) - Q(l))k p(Q(l - Al), / - Al\Q(l), I) 

D(k\Q(l),l)= l im — M l k \ Q ( l ) , l , A l ) (6) 
Ai-+o n\ 

An important feature of the present approach is based 
on the fact that these Kramer-Moyal coefficients can 
actually be evaluated directly f rom the given data. 

3. Markov-process and Mult i fractal i ty 

In the fo l lowing we want to discuss some fur-
ther implicat ions based on wel l -known features of 
Markov-processes [2] which , however, have not yet 
been put into direct connect ion with the phenomenon 
of multifractali ty. (We would like to ment ion that the 
presented procedure may also be seen in analogy to 
the application of the Frobenius Peron operator for 
the determinat ion of the natural measure of chaotic 
attractors [1].) 

1. If D{4) = 0 Pawula ' s theorem implies that only 
the drift term D([) and the di f fus ion term D{2) are 
non-zero. The Kramers -Moyal expansion (4) reduces 
to the Fokker-Planck equat ion 

P m i l) = 0 P ( Q ( 0 , 0 

dQ(l) 
D(1\Q{1), l)P(Q(l), I). (7) 

2. From (4) and (7) the evolution equation for a 
single event Q(l) at point x in fo rm of a Langevin 
equat ion can be derived [2]: 

- ^Q(i) = g m ) , o + w ( o , o m . (8) al 

T h e funct ion g descr ibes the determinist ic evolution 
of Q{1), whereas h takes into account the stochastic 
fluctuations. In the case of the Fokker-Planck equat ion 
the funct ions g and h are given by D{ 1 > and Di2), where 
h oc VD{2\ The noise term r has the propert ies of 
^-correlated gaussian noise. 

3. F rom (4), equat ions for the moments ( ( Q ( l ) ) q ) 
are obtained by mul t ip ly ing (4) with Qq and succes-
sively integrating over Q(l) [3]: 

- > < < » < ) = E T T ^ W - " ) - ( 9> 
n=l 

4. If the Kramer -Moyal coefficients are 

D( 

I 
(10) 
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the scaling behavior of (1) is guaranteed and we obtain 
f rom (9) 

For the simple case of a Fokker-Planck equat ion we 
see now that £>(1) = diQ/Und Da) = d2Q2/l'\mplies 
mult iscal ing with (q = d\q — d2q{q — 1). The quadrat ic 
Q-dependence of D{2) corresponds to a purely mul-
tiplicative noise process, as we can see f r o m the dis-
cussion of point 2 above. 

5. For the case of the validity of a Fokker-Planck 
equation the stationary solution 

<•««>•»= 

is known, where QQ is a constant . Taking the condi-
tion for scaling behavior of point four, (10), that the 
drift term is linear and the d i f fus ion term is quadrat ic 
in Q, we find that the probabil i ty density distribu-
tion P ( Q ( / ) , I) evaluated by (12) is not normalizable . 
The stationary distribution is s imply the ^-funct ion 
6(Q(l)). Inclusion of a small additive noise term yields 
a distribution which for large values of Q(l) has a 
powerlaw form, which is a characterist ic feature of 
a Levy-distr ibution. In this case the m o m e n t s ( Q q ) 
diverge for higher q values and thus the derivation 
of (9) becomes quest ionable [4]. An argument that 
the above ment ioned results on ( Q q ) still hold is that 
the power law tails of the distribution at infinity are 
only valid for the stationary solution. For an initial 
probabili ty distribution at large scales I it would take 
an infinite cascade (development with the evolution 
equat ion) to create such wings at infinity. Therefore , 
for any natural structure 5 , where typical ly scaling 
behavior is only found in a finite interval of scales 
/, we expect that these divergences do not affect the 
results discussed here. 

6. We want to point out that having shown 
the Markovian properties any n -po in t statistics 
can be derived f rom the two-point statistics 
P(Q(h),h\Q(li),l\)- In the case of the applicabil i ty 
of the Fokker-Planck equation the n -po in t statistics 
can be explicitly given by the knowledge of the two 
Kramer-Moyal coefficients D ( 1 ) and D{2) [2]. 

4. Appl icat ion to Experiments 

Finally, let us ment ion some verifications and ap-
plications of the method presented above: 

For the case of ful ly developed turbulence, a ma-
j o r chal lenge consists in explaining the statistics of 
velocity increments V(l), cf. [5]. Typically the in-
crements of the velocity component in the direction 
of the distance vector are taken. Investigation of ex-
perimental data has recently shown that the statistics 
of the velocity increments can be characterized by 
a Fokker-Planck equation with D ( 1 ) = 7 V ( l ) / l and 
Di2) = a(l) + b(V(l))2/l, [6]. Here, 7 turns out to be 
approximately —1/3, which is clearly related with the 
scaling behavior of the second moments , which scale 
like ( V ( l ) 2 ) « C2 « 2 / 3 . 

Here we want to report on fur ther new findings on 
the disorder in turbulence. It is of central interest to 
de termine the statistics of the energy dissipation on 
dif ferent length scales. Following the suggestion of 
Kolmogorov and Obukhov, we evaluate the energy 
dissipation at scale I according to [7]: 

1 5 i>x+l/2 / ^ \ 2 

f i w = - L / 2 y ^ (,3> 

where u denotes the kinematic viscosity. It has been 
postulated that nongaussian statistics in the velocity 
increments is due to a log-normal distribution of e. We 
take log(e) as our quantity Q. The variance of log(e) 
was assumed to be logarithmic in the length scale. 
We have already verified the Chapman-Kolmogorov 
equat ion [8]. Next we have evaluated the Kramers-
Moyal coefficients, and we saw that the fourth coef-
ficient is close to zero. 

Figure 1 presents the first two Kramers-Moyal co-
efficients, D{X\Q, I) and D(2\Q, I). Both coefficients 
have been evaluated for several scales covering the 
whole inertial range. (The inertial range in turbulence 
denotes the range of length scales where scaling be-
havior is expected to occur. This range is bounded 
by a large length scale L dominated by the boundary 
condit ions, like the size of the flow, and the viscous or 
Kolmogorov length scale 77, where dissipation domi-
nates the flow.) For convenience we have used in our 
evaluation a logari thmic length scale I = In r , which 
corresponds in evaluation rDln) in a linear scale. In 
the fol lowing, r denotes the linear scale. (Note that 
these Kramers-Moyal coefficients presented are ob-
tained for a finite scale ratio of r\/r2 = 1 0 2 , jus t 
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Fig. 1. Drift and diffusion coefficients, Z\(1) = D(l) - F{1) and Da) for the values of the scale r/r7=400, 200, 100, 50, 
r/ being the Kolmogorov viscous scale. These coefficients were evaluated from experimental data of a free jet with a 
Reynolds number R\ of 328 [9]. 

below which the resolution of the velocity is not suf-
ficient any more.) 

To make the drif t terms coincide an / -dependent ad-
ditive term F(l) has been used. The occurence of this 
additive term can be just i f ied. In fact it is determined 
by the constraint of conservat ion of mean energy. 

In the central region, the dr i f t coefficient is linear in 
log(er) = Q and the d i f fus ion coefficient is constant. 
Fur thermore, the slope of D ( 1 ) and the value of Da) 

are both scale invariant in the inertial range: 

Dil\Q) = 7 (Q-(Q)) + F(l), 

Da\Q) = D (14) 

with 7 « 0 .2 and D « 0 .03. Thus , we can summarize 
that our empir ical results show that the statistics of 
the quanti ty log(e r ) is de te rmined by a Fokker-Planck 
equat ion with a linear drif t and a constant d i f fus ion 
coefficient . Such a Fokker-Planck equation is related 
to an Orns te in-Uhlenbeck process . The positive slope 
of£> ( 1 ) indicates that there is no stationary probabili ty 
distribution [2]. Nevertheless , the fol lowing conclu-
sions on the evolution of the probabil i ty distributions 
can be drawn. 

As initial condi t ion at the integral scale L we take 
a sharp distribution: 

P(QL) = HQL ~ log(e)) , (15) 

where (c) denotes the mean dissipation. The condi-
tional distribution funct ion for r < L, P(Q(r)\Q(L)), 
is then Gaussian: 

P(Q(r)\Q(L))= -(^)-<QM>)2/2/i2
5 ( 1 6 ) 

A\/2ir 

where the mean and the variance are given by [2] 

(Q(r)) = (Q(L))-A2/2, 

^ = g t e r - ' ) - < » > 

In the range of scales r L, A2 can be written as a 
power law: 

D ( r\~2~i 

Such a dependence has been predicted by Casta ing 
[10] for a quanti ty A2 proport ional to A2. For large 
scales r , / l 2 becomes small and may be approximated 
by a logari thmic law leading to scaling behavior in 
the velocity increments . 
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5. S u m m a r y 

To summar ize , we have presented a new method to 
analyze the statistical content of a disordered struc-
ture. We have shown how this approach is related to 
mult ifractal scaling. Fur thermore, is has been shown 
that this method can be applied to exper imental data; 
therefore we have presented the analysis of the en-
ergy statistics in turbulence. F rom this we found that 
the statistics are very close to a s imple wel l -known 
stochastic process, namely the Orns te in-Uhlenbeck 
process. If one verified that the disorder of a system 
can be attributed to a stochastic process, one has the 
opportuni ty to use many results explaining details of 
the disorder. Thus we saw for the energy cascade in 
turbulence that the positive slope of the drift term 
leads to the nonstat ionary spreading of the width of 

the probability distributions. This behavior causes the 
often discussed intermittency effects in turbulence 
directly. These intermittency effects are usually dis-
cussed in terms of mult ifractal scaling, but up to now 
no satisfying conclusion could be drawn of the mul-
tifractal scaling ansatz. With the analysis presented 
here, we hope to have given some new insight into 
the statistics of the energy cascade in turbulence. 
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